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Abstract
In this article, we prove two formulas for the topological entropy of
an F-optical Hamiltonian flow induced by H ∈ C∞(M,R), where F is a
Lagrangian distribution. In these formulas, we calculate the topological
entropy as the exponential growth rate of the average of the determinant
of the differential of the flow, restricted to the Lagrangian distribution or
to a proper modification of it.
1 Introduction
Bounds or formulas for calculating the topological entropy of a dynamical system
are very important tools when studying diffeomorphisms or flows on compact
manifolds. Many results exist relating this conjugacy invariant to the growth
rate of volumes of submanifolds or to the growth rate of the expansion on the
tangent bundle, for instance, Cogswell [5], Kozlovski [6], Newhouse [10], Przy-
tycki [12] and Yomdin [13].
For a closed Riemannian manifold (M, g), where the metric g is C∞, Man˜e´
[7] proved the following results for the topological entropy of the geodesic flow
ϕt : SM → SM , in terms of nT (x, y), the number of geodesics of length less or
equal than T between two points x and y, of the expansion
ex (dϕT )θ = max
S⊂TθSM
|det (dϕT )θ|S |
and of V (θ) = Ker(dπ)θ , where π : SM →M is the usual projection.
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Theorem 1 (Theorem 1.1, Man˜e´ [7])
htop = lim
T→∞
1
T
log
∫
M×M
nT (x, y) dx dy = lim
T→∞
1
T
log
∫
SM
ex(dϕT )θ dθ.
Theorem 2 (Teorema 1.4, Man˜e´ [7])
htop = lim
T→∞
1
T
log
∫
SM
|det (dϕT )θ|V (θ)| dθ = lim
T→∞
1
T
log
∫
M
vol ϕT (SxM) dx.
In spite of the fact that these results are Riemannian in nature, the second
equality in Theorem 1 and the first in Theorem 2 are proved by symplectic
techniques, relying on a canonical symplectic structure on TM , which allows us
to treat the geodesic flow as a Hamiltonian one. For a clear exposition of these
and related results, see Paternain [11].
There are three key facts on the proof of Man˜e´ ’s results. They are: the twist
property of the Lagrangian vertical subspace V (θ), which says that if the in-
tersection of V (ϕt(θ)) and (dϕt)θ(V (θ)) is nontrivial, a slight perturbation in t
makes it trivial; Przytycki ’s inequality [12], which gives a bound for the topolog-
ical entropy of a C2 flow in terms of the exponential growth rate of the average
of the expansion on T (SM) and a very nice change of variables and some aux-
iliary lemmas, which lead to an inequality necessary to bound from above the
average of the expansion.
It is natural then, to try to prove similar results for certain Hamiltonian flows,
taking into account the importance of Lagrangian distributions in symplectic
geometry. To proceed with such a generalization, the vertical distribution V (θ),
Przytycki’s inequality and the technical lemmas, should be properly replaced
within the Hamiltonian context.
In order to recover a twist property, we need to introduce the concept of optical
Hamiltonian. We closely follow Bialy and Polterovich [1], [2].
Given a symplectic vector space (E2n, ω), let Λ(E) be the family of its La-
grangian subspaces, which is a manifold diffeomorphic to U(n)/O(n). For λ ∈ Λ,
the tangent space TλΛ can be canonically identified with S
2(λ), the vector space
of bilinear symmetric forms on λ, in the following way: given a curve λ(t) ⊂ Λ
with λ(0) = λ, it is described by
λ(t) = S(t)λ, S(0) = Id, S(t) ∈ Sp(E,ω) (1)
where Sp(E,ω) is the group of symplectic maps in E. Thus, to the vector λ˙(0) ∈
TλΛ we can associate the symmetric form
(ζ, η) 7→ ω(ζ, S˙(0)η), ζ, η ∈ λ. (2)
For a fixed Lagrangian space α ∈ Λ, we note as
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Λα =
⋃
1≤k≤n
Λ(k)α (3)
the stratified manifold where Λ
(k)
α is the family of Lagrangian subspaces whose
intersection with α is k-dimensional. So, if λ ∈ Λ(k)α , we can identify TλΛ/TλΛ(k)α
with S2(α ∩ λ). Then, for λ ∈ Λ(k)α , we say that a vector in TλΛ/TλΛ(k)α is α-
positive if the bilineal form (2) associated to it is positive definite. A vector in
TλΛ is α-positive if its image under the projection to TλΛ/TλΛ
(k)
α is α-positive.
Generally, to a symplectic fibre bundle π : E → M , we can associate its
Lagrange-Grassman fibre bundle Θ : A →M , where each fibre is Ax = Λ(TxM).
Given a Lagrangian distribution F , that is, a section F : M → A, we see that
the subbundle AF of Lagrangian subspaces not tranversal to F , has fibres dif-
feomorphic to Λα in (3). Then, a vector in TλA is F -positive for λ ∈ AF , if its
image under the projection pr : TλA → TλΛ/TλΛ(k)α is F -positive. A differen-
tiable curve in A, is F -positive, if its tangent vectors are F -positive where they
intersect AF .
The following proposition gives us the proper notion of twist property.
Proposition 1 (Prop. 1.6, Bialy y Polterovich [1]) Every F-positive tan-
gent vector to A, is transversal to the stratified manifold AF .
We now define optical Hamiltonians. We consider the curve of Lagrangian sub-
spaces (ϕt)∗(α(ϕ−t(x)) on π : A → M , where the base M is a symplectic
manifold endowed with a Lagrangian distribution F , and ϕt is the flow induced
by H :M → R. Then H is F -optical if for every x ∈M, t ∈ R,
d
dt
(ϕt)∗ (α(ϕ−t(x))) |t=0
is an α(x)-positive vector. A Hamiltonian flow is optical, if it is generated by
an optical Hamiltonian.
We now state the two main results of this article. Let (M,ω) be a symplectic
manifold, endowed with a Lagrangian distribution F of Lagrangian subspaces
α(x) ⊂ TxM . Let H ∈ C∞(M,R) be an F -optical Hamiltonian with induced
flow ϕt. Let Σ = H
−1(e) be a compact energy level, for a regular value e.
Theorem 3 For Nǫ = H
−1(e − ǫ, e+ ǫ), then
htop(ϕt) = lim
ǫ→0
lim
t→∞
1
t
log
∫
Nǫ
|det (dϕt)x|α(x)| dx.
Theorem 4 Let us assume that there exists a continuous invariant distribution
of hyperplanes T (x) transversal to the the Hamiltonian vector field on Σ. Then
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htop(ϕt) = lim
t→∞
1
t
log
∫
Σ
|det (dϕt)x|α˜(x)| dx
where α˜(x) = (α(x) ∩ TxΣ) + 〈XH(x)〉.
The proof of these results is based upon Proposition 2, which is a slightly more
general version of the bound for the average of the expansion already mentioned.
We state this result now. Given a symplectic linear cocycle, that is, a C∞ flow
on a compact manifold X and a family of differentiable maps φ∗t (x) : S(x) →
S(φt(x)), such that φt ◦π = π◦φ∗t and that for all x ∈ X, t ∈ R, φ∗t (x) is a linear
symplectic isomorphism, then we say the cocycle is F -optical with respect to a
Lagrangian distribution F , if it is in the sense of the previous paragraphs.
Proposition 2 If φ∗t is F-optical, then there exists a constant C > 0 such that
for all t ∈ R ∫
X
|det φ∗t (x)|α(x)| dx ≥ C
∫
X
exφ∗t (x) dx.
These Theorems are interesting given the generality of the opticity condition. For
example, on (T ∗M,ω0) where ω0 is the canonical symplectic form, a Hamiltonian
H ∈ C∞(T ∗M,R), is F -optical with respect to the distribution F = {dq = 0}
of spaces tangent to the fibres iif H is convex on each fibre, that is, iif Hpp > 0.
As a result of this, the usual Hamiltonians of classical mechanics, are optical for
this distribution.
Another important case where these results can be applied, is that of Anosov
magnetic flows induced by twisted symplectic structures. See for instance, Burns
and Paternain [4].
This article is organized as follows. In §2 we prove Proposition 2 and then in §3
and §4, we prove Theorems 3 and 4.
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2 Proof of Proposition 2
Before proving Proposition 2, we recall some definitions and results needed.
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In order to measure angles and volumes on a symplectic manifold (M,ω), we
introduce a compatible Riemannian metric. Given a symplectic vector bundle
π : E →M , an almost complex structure is J : E → E, such that J2 = −IdE .
It is said compatible with the symplectic form ω, if on each fiber Eq
ω(v, w) = ω(Jv, Jw), ∀v, w ∈ Eq
ω(v, Jv) > 0, ∀v ∈ Eq. (4)
Thus, we can define a Riemannian metric on E by gJ(v, w) = ω(v, Jw). For a
proof of the existence and properties of such an almost complex structure, see
Mc Duff y Salamon [8].
Given a linear map L : E → F , where E y F are finite dimensional Hilbert
spaces, we define the determinant of L as follows. For an orthonormal base of
E, {v1, v2, . . . , vn}, we consider the matrix aij = 〈L(vi), L(vj)〉. Then, we define
|det L| =
√
detA.
We also define the expansion of L as
exL = max
S⊂E
|detL|S|
where S is a subspace in E.
Finally, for E1, E2 subspaces of E, with dimEi =
1
2 dimE, we define the angle
between them as
ang(E1, E2) = |det(P |E1)|
where P : E → E⊥2 is the canonical projection. From the definition it is clear
that the angle is a continuous function and that ang(E1, E2) = 0 iif E1∩E2 6= ∅.
Let π : S → X be a symplectic vector bundle, where X is a compact manifold
and φt : X → X a flow of class C∞, which preserves a measure dx. A linear
symplectic cocycle is a family of differentiable maps φ∗t (x) : S(x) → S(φt(x)),
such that ∀x ∈ X, t ∈ R
1. φ∗t+s = φ
∗
t (φs(x))φ
∗
s(x);
2. φt ◦ π = π ◦ φ∗t ;
3. ∀x ∈ X, t ∈ R, φ∗t (x) : S(x) → S(φt(x)) is a linear symplectic isomor-
phism.
For a continuous Lagrangian distribution F , we say that φ∗t (x) is F -optical if it
is in the sense of §1.
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To prove Proposition 2, we need several auxiliary lemmas. We note the Lagrange-
Grassman bundle asociated to π : S → Σ as Λ(S). We closely follow the proof
of Proposition 4.18 in Paternain [11].
Lemma 1 There exists δ > 0, an integer m ≥ 1 and an upper semicontinuous
function
τ : Λ(S)× R→ {0, 1/m, 2/m, . . . , 1}
such that for all (x,E) ∈ Λ(S), t ∈ R,
ang(φ∗t+τ (x)(E), α(φt+τ (x))) > δ.
Proof
If we find δ > 0 and an integer m ≥ 1 such that if for all (x,E, t) ∈ Λ(S)× R,
Q(x,E, t) = {i ∈ Z, 0 ≤ i ≤ m : ang(φ∗t+i/m(x)(E), α(φt+i/m(x)) > δ}
were not empty, then, clearly
τ(x,E, t) = min{i/m, i ∈ Q(x,E, t)}
has the stated properties.
Let us assume that this is not true. Then, for every integer m ≥ 1, there is a
sequence (xm, Em, tm) such that
ang(φ∗s+tm(xm)(E), α(φs+tm (x))) ≤
1
2m
(5)
where s ∈ Am, for Am = {j/2m, j ∈ Z, 0 ≤ j ≤ 2m}. As a result of the
compacity of Λ(S), there is a subsequence converging to (x,E). Then, (5) and
the continuity of the angle imply that exists mk such that
ang(φ∗s(x)(E), α(φs(x))) = 0, ∀s ∈ Amk
and then, for all s ∈ [0, 1]
φ∗s(x)(E) ∩ α(φs(x)) 6= {0}
which contradicts Proposition 1. 
Lemma 2 There exists γ > 0, an integer n ≥ 1 and an upper semicontinuous
function
ρ : Λ(S)→ {0, 1/n, 2/n, . . . , 1}
such that for all (x,E) ∈ Λ(S),
ang(E, φ∗ρ(x−) (α(x−))) > γ
where x− = φ−ρ(x).
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Proof
The proof is similar to that of Lemma 1. 
Lemma 3 For every x ∈ X, t ∈ R, there exists a Lagrangian subspace Rt(x) ⊂
S(x), which depends measurably on t and x, such that
1. |det φ∗t (x)|Rt(x)| = exφ∗t (x);
2. if E ⊂ S(x), with dimE = 12 dimS(x), then
|det φ∗t (x)|E | ≥ ang(E,R⊥t (x)) exφ∗t (x).
Proof
We consider the polar decomposition
φ∗t (x) = Ot(x)Lt(x)
where Lt(x) : S(x) → S(x) is symmetric and positive definite and Ot(x) :
S(x)→ S(φt(x)) is a linear isometry. As φ∗t (x) is a symplectic map, so is
Lt(x) = (φ
∗
t (x)φ
∗
t (x)
t)1/2.
As a result of this, the eigenvalues of Lt(x) are real, and it is true that λi+n =
λ−1i , i = 1, . . . , n. Let us assume that λi ≥ 1, for 1 ≤ i ≤ n. Given an almost
complex structure J(x) , if vi is an eigenvector with eigenvalue λi, then J(x)vi
is an eigenvector with eigenvalue λ−1i , as Lt ◦ J = J ◦ L−1t . Then
{v1, . . . , vn, J(x)v1, . . . , J(x)vn}
is a base of S(x) and the subspace Rt(x) generated by {v1, . . . , vn} is a La-
grangian one, on which the expansion takes place. This proves 1).
To prove 2), let us note that Rt(x) and R
⊥
t (x) are invariant under Lt(x). If
E∩R⊥t (x) = {0} (on the contrary there is nothing to prove), then as Lt(x)◦P =
P ◦ Lt(x), with P the orthogonal projection P : S(x)→ Rt(x), we have that
|det Lt(x)|Rt(x)||det P |E | = |det P |Lt(x)(E)||det Lt(x)|E | ≤ |det Lt(x)|E |
which implies
exφ∗t (x) ang(E,R
⊥
t (x)) ≤ |det φ∗t (x)|E |
We now prove measurability of Rt(x) on t and x. Let π : F → X be the fibre
bundle with fibres π−1 = {h : S(x)→ S(x)}, for h a linear symmetric map. For
positive integers p and li, 1 ≤ i ≤ p, we define F(l1, . . . , lp) as those (x, h) with
p eigenvalues λi, their multiplicities being li. This is a Borelian set, and so is
P(l1, . . . , lp) ⊂ X × R, defined as P(l1, . . . , lp) = {(x, t), Lt(x) ∈ F(l1, . . . , lp)}.
As Rt(x) is continuous on each P and they are finite, the result follows. 
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Lemma 4 There exists δ > 0, an integer m ≥ 1 and measurable functions τi :
X → {0, 1/m, 2/m, . . . , 1} such that if τ = τ1 + τ2 y x1 = φ−τ1(x), x2 = φτ2(x)
and αi = α(xi), then for all x y t,
1. ang(φ∗τ1(x1)(α
1), R⊥t (x)) > δ;
2. ang(φ∗t+τ (x1)(α
1), α2) > δ
Proof
If we find that, for integers δ1, δ2 > 0, integers m1,m2 and measurable functions
τi : X × R → {0, 1/mi, 2/mi, . . . , 1} such that 1) holds for δ = δ1 and 2) for
δ = δ2, then the Lemma is true for m = m1m2 and δ = min{δ1, δ2}. Taking
δ1 = γ, m1 = n, τ1(x, t) = ρ(x,R
⊥
t (x))
for γ, n, τ as in Lemma 2 and applying it to E = R⊥t , we get
ang(φ∗τ1(x1)(α
1), R⊥t ) > δ1
which proves 1). The same idea works for the proof of 2), applying Lemma 1 to
E = φ∗t+τ1+τ2(x1)(α
1). 
Lemma 5 Let τ1, x1, α
1 be as in Lemma 4. Then, there exists a constant K > 0,
such that for all x, t
|det φ∗t (x1)|α1 | ≥ K exφ∗t (x).
Proof
If E = φ∗t (x1)(α
1) we take a > 0 such that
|det φ∗s(y)|L| ≥ a
for all s ∈ [0, 1], (y, L) ∈ Λ(S). Then, by 1) from Lemma 4
implies that
|det φ∗t (x1)|α1 | = |det φ∗t−τ1(x)|E ||det φ∗τ1(x1)|α1 | ≥ a δ exφ∗t−τ1(x).
Taking a′ such that exφ∗s(x) ≤ a′ and for K = aδa′, we see the result is true.

We now prove the main result of the section.
Proof of Proposition 2
For a fixed t, we make the change of variables F : X → X , given by F (x) =
x1 = φ−τ1(x,t)(x). In each set
A(i) = {x ∈ X : τ1(x, t) = i/m}
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F is injective and, as a consequence of this, for the measure µ = dx and each
Borel set S ⊂ A(i), we have µ(S) = µ(F (S)). If Φ is integrable in X , then∫
F (A(i))
Φ dx =
∫
A(i)
(Φ ◦ F ) dx.
For Φ ≥ 0, then
∫
X
(Φ ◦ F ) dx =
∫
⋃
A(i)
(Φ ◦ F ) dx =
∑
i
∫
A(i)
(Φ ◦ F ) dx
=
∑
i
∫
F (A(i))
Φ dx ≤
∑
i
∫
X
Φ dx = (m+ 1)
∫
X
Φ dx.
Taking Φ = |det φ∗t (x)|α(x)| and using Lemma 5
∫
X
|det φ∗t (x)|α(x)| dx ≥
1
m+ 1
∫
X
|det φ∗t (x1)|α1 | dx
≥ K
m+ 1
∫
X
exφ∗t (x) dx.
which proves the Lemma for C = Km+1 . 
3 Proof of Theorem 3
We state a result by Kozlovski [6] and a proposition that are essential in the
proofs of Theorems 3 and 4.
Theorem 5 (Kozlovski [6]) For a C∞ diffeomorphism f : X → X, where X
is a compact manifold
htop(f) = lim
n→∞
1
n
log
∫
X
ex (dfn)x dx.
Proposition 3 Let ϕt : Y → Y be a continuous flow on a compact manifold
Y . Then, for Y1, Y2 closed invariants subsets in Y
htop(ϕ, Y1 ∪ Y2) = max
Yi,i=1,2
htop(ϕ, Yi).
Proof of Theorem 3
To the double D(N ′ǫ) of N
′
ǫ = H
−1[e − ǫ, e + ǫ], we apply Theorem 5 and we
obtain
htop(ϕt|D(N ′
ǫ
)) = lim
t→∞
1
t
log
∫
D(N ′
ǫ
)
ex (dϕt)x dx. (6)
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As ∫
D(N ′
ǫ
)
ex (dϕt)x dx = 2
∫
N ′
ǫ
ex (dϕt)x dx (7)
taking exponential growth rate and through (6), (7) and Proposition 3 we get
htop(ϕt|Nǫ) = lim
t→∞
1
t
log
∫
Nǫ
ex (dϕt)x dx (8)
where Nǫ = N
′
ǫ / ∂N
′
ǫ. Clearly, (dϕt)x is an F -optical linear symplectic cocycle,
for the given distribution F , with respecto to the flow ϕt, for the fibre bundle
π : TM |Nǫ → Nǫ. Proposition 2 and the trivial inequality
ex(dϕt)x ≥ |det (dϕt)x|α(x)|
turn (8) into
htop(ϕt|Nǫ) = lim
t→∞
1
t
log
∫
Nǫ
|det (dϕt)x|α(x)| dx. (9)
Let us define the function h(ǫ) = htop(ϕt|Nǫ). As h is increasing and h(0) =
htop(ϕt|Σ), we see that
lim inf
ǫ→0
h(ǫ) ≥ htop(ϕt|Σ). (10)
We use now the following result, due to Bowen [3].
Proposition 4 (Corolary 18, Bowen [3]) Let X and Y be compact metric
spaces and ϕt : X → X a flow. If π : X → Y is a continuous map such that
π ◦ ϕt = π, then
htop(ϕ) = sup
y∈Y
htop(ϕ|π−1(y)).
For ϕt|Nǫ and H |Nǫ , then
h(ǫ) = sup
ǫ0∈[e−ǫ,e+ǫ]
htop(ϕt|H−1(ǫ0)).
Given r > 0, there is an ǫ0(ǫ, r), such that
h(ǫ) ≤ htop(ϕt|H−1(ǫ0)) + r, ǫ0 ∈ [e− ǫ, e+ ǫ].
Taking upper limit when ǫ → 0 and using the fact that topological entropy is
upper semicontinuous for C∞ flows (Newhouse [9]), then
lim sup
ǫ→0
h(t) ≤ htop(ϕt|Σ). (11)
As a result of (9), (10) and (11)
htop(ϕt|Σ) = lim
ǫ→0
htop(ϕt|Nǫ) = lim
ǫ→0
lim
t→∞
1
t
log
∫
Nǫ
|det (dϕt)x|α(x)| dx
which proves the Theorem. 
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4 Proof of Theorem 4
To prove Theorem 4, we make descend the distribution F and the opticity of
the Hamiltonian H to a symplectic vector bundle π : S → Σ , where the fibres
are S(x) = TxΣ/XH(x).
Proposition 5 The fibre bundle given by π : S → Σ, where S(x) = TxΣ/XH(x),
is symplectic for the form ωS = p∗ω, where ω is the symplectic form on M and
px : TxΣ → S(x) is the canonical projection. If α˜(x) = α(x) ∩ TxΣ + 〈XH(x)〉,
then α˜(x) ⊂ TxΣ is a Lagrangian subspace of (TxM,ω) and α˜S(x) = px(α˜(x))
is a Lagrangian subspace of (S(x), ωS).
Proof
For v ∈ TxΣ, we note px(v) = [v]. Then, for v1, v2 ∈ TxΣ, we define
ωS([v1], [v2]) = ωΣ(v1, v2).
As ωΣ degenerates onXH(x) it is clear that ωS is a symplectic form on S(x). The
subspace α˜(x) ⊂ TxΣ annihilates ω, as for v′ inα˜(x), then v′ = v + a〈XH(x)〉,
with v ∈ α(x) and a ∈ R. In case α(x) ⊂ TxΣ and 〈XH(x)〉 6∈ α(x), then
dim α˜(x) = n + 1. But this implies that α˜(x) is an (n + 1)-dimensional La-
grangian subspace, as α˜(x) = (α˜(x))⊥. So α˜(x) has dimension n and this proves
it is a Lagrangian subspace. 
Proposition 6 Let F˜S be the Lagrangian distribution induced in π : S → Σ by
Proposition 5. If H ∈ C∞(M,R) is an F-optical Hamiltonian, then d˜ϕt(x) is
an F˜S-optical linear symplectic cocycle.
Proof
By the definition of the optical property, it follows that for a curve
λ(t) = S(t)α(ϕt(x)), S(0) = Id, S(t) ∈ Sp (Tϕt(x)M,ω)
in the fibre bundle Θ : A →M and to the vector λ˙(0) ∈ Tα(x)A given by
λ˙(0) =
d
dt
(ϕt)∗ (α(ϕ−t(x)) |t=0
we can associate a bilinear symmetric positive definite form
(ζ, η) 7→ ω(ζ, S˙(0)η). (12)
Each α˜(x) contains XH(x) and is included in TxΣ, which implies that the form
(12) is positive semidefinite, as ω|Σ degenerates on the field. Descending to the
quotient S(x), ωS from Proposition 5 becomes symplectic and then
([ζ], [η]) 7→ ω([ζ], [S˙(0)η]), [ζ], [η] ∈ α˜S(x)
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is the symmetric bilinear form which proves the Proposition. 
We note by exTxΣ the expansion on TxΣ and by exS(x) the expansion on S(x).
The following lemmas relate expansions and determinants of the differential of
the flow on TxΣ and S(x). We only prove the second one, as the proof of the
first is easy.
Lemma 6 Let π : E → X be a fibre bundle on a compact manifold X. If g1
and g2 are two continuous Riemannian metrics on E, then there is a constant
K > 0, such that for the linear map L : E(x)→ E(y)
exg1L ≤ K exg2L.
Lemma 7 For a symplectic manifold (M,ω), endowed with a Lagrangian dis-
tribution F and an F-optical Hamiltonian flow ϕt that admits a continuous
invariant distribution of hyperplanes XH(x) on TxΣ, then there exists constants
K1,K2 > 0 such that
exTxΣ dϕt(x) ≤ K1 exS(x) d˜ϕt(x)
|det d˜ϕt(x)|α˜S(x)| ≤ K2 |det dϕt(x)|α˜(x)|.
Proof
The symplectic form ω is nondegenerate on T (x) due to the transversality with
respect to XH(x). Then, there exists and almost complex structure J that in-
duces an inner product 〈., .〉T in T . We extend it to TxΣ through
〈v, w〉TxΣ =


〈v, w〉T si v, w ∈ T
0 si v ∈ 〈XH(x)〉, w ∈ T (x)
1 si v = w = XH(x)
Invariance under the flow allows us to choose a base {XH(x), t1, . . . , t2n−2} for
TxΣ, where {ti}1≤i≤2n−2 is a base of T (x), such that
(dϕt)x|Σ =
(
1 0
0 (dϕt)x|T (x)
)
.
Then
exTxΣ(dϕt)x = exT (x)(dϕt)x.
as the expansion is the maximum of the determinant on all minors of any di-
mension on this matrix.
We introduce an inner product on S(x), such that the projection P |T (x) is an
isometry. It is clear that if g1, g2 are the metrics given by the inner products on
T (x) and S(x), then
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exg1T (x)(dϕt)x = ex
g2
S(x)(d˜ϕt)x.
Lemma 6 leads us to the first inequality we wanted to prove. The proof of the
second one, leans on a similar method. 
Proof of Theorem 4
Proposition 6 implies that (d˜ϕt)x is an F˜S-optical linear symplectic cocycle, for
the distribution given by Proposition 5, with respect to the flow ϕt|Σ, on the
symplectic vector bundle π : S → Σ. Proposition 2 and the trivial inequality
ex(d˜ϕt)x ≥ |det (d˜ϕt)x|α˜S(x)|
lead us to
lim inf
t→∞
1
t
log
∫
Σ
exS(x) (d˜ϕt)x dx = lim inf
t→∞
1
t
log
∫
Σ
|det (d˜ϕt)x|α˜S(x)| dx. (13)
Then, as a result of Kozlovski’s Theorem 5, the first inequality from Lemma 7,
(13) and the second inequality form Lemma 7,
htop(ϕt|Σ) = lim inf
t→∞
1
t
log
∫
Σ
exTxΣ(dϕt)x dx
≤ lim inf
t→∞
1
t
log
∫
Σ
exS(x) (d˜ϕt)x dx
= lim inf
t→∞
1
t
log
∫
Σ
|det (d˜ϕt)x|α˜S(x)| dx
≤ lim inf
t→∞
1
t
log
∫
Σ
|det (dϕt)x|α˜(x)| dx. (14)
Similar methods imply that
htop(ϕt|Σ) = lim
t→∞
1
t
log
∫
Σ
exTxΣ(dϕt)x dx
≥ lim sup
t→∞
1
t
log
∫
Σ
|det (dϕt)x|α˜(x)| dx (15)
which through (14) and (15) say that
htop(ϕt|Σ) = lim
t→∞
1
t
log
∫
Σ
|det (dϕt)x|α˜(x)| dx
which proves the Theorem. 
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